Under investigation is a heterogeneous material consisting of an elastic homogeneous isotropic matrix in which layered elastic isotropic inclusions or pores are embedded. The generalized self-consistent model (GSCM) is extended so as to be capable of estimating the apparent elastic properties of a finite-size specimen smaller than a representative volume element (RVE). The kinematical or static apparent shear modulus is determined as a root of a cubic polynomial equation instead of a quadratic polynomial equation as in the classical GSCM of Christensen and Lo [Christensen, R.M., Lo, K.H., 1979. Solutions for effective shear properties in three phase sphere and cylinder models. J. Mech. Phys. Solids 27, 315-330]. It turns out that the extended GSCM establishes a link between the composite sphere assemblage model (CSAM) of Hashin [Hashin, Z., 1962 . The elastic moduli of heterogeneous materials. J. Appl. Mech. 29,[143][144][145][146][147][148][149][150] and the classical GSCM. Demanding that the normalized distance between the kinematical and static apparent moduli of a finite-size specimen be smaller than a certain tolerance, the minimum RVE size is estimated in a closed form.
Introduction
Continuum mechanics determination of the overall mechanical properties of a specimen made of a heterogeneous material rests ultimately on measured mean surface loads and displacements on its surface. Theoretically speaking, if a specimen has the feature that its surface response to any (kinematical, static or mixed) uniform boundary conditions is uniform, the specimen can be considered as a representative volume element (RVE) of the material forming the specimen and its overall mechanical properties can be taken as the effective (or macroscopic) ones of the material constituting it. When a specimen is devoid of the just specified feature, it 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2006.07.003 can no longer be considered as an RVE and its overall mechanical properties, qualified as apparent, are not macroscopic characteristics of the constituent material. Indeed, the overall mechanical properties in the latter case depend both on the type of applied boundary conditions and the size of the specimen.
It is of primary importance to know whether a given specimen is an RVE for a heterogeneous material and what is the minimum RVE size for it. For the last 15 years, this problem has been studied in light of the development of micromechanics and mainly with respect to linear heterogeneous materials. At the beginning of the 1990s, Huet (1990) proposed a variational approach to exploit experimental results obtained from specimens smaller than an RVE. Partitioning an RVE into smaller elements and introducing the notions of kinematical and static apparent stiffness and compliance tensors relative to the uniform strain and traction boundary conditions, Huet (1990) applied the classical minimum potential and complementary energy principles of linear elasticity to establish hierarchical bounds for the effective stiffness and compliance tensors. Huet's approach has been further developed by his co-workers and others in relation to linear materials (see, e.g., Sab, 1992; Hazanov and Huet, 1994; Hazanov and Amieur, 1995; Balendrana and Nemat-Nasser, 1995; Ostoja-Starzewski, 1996 Zohdi et al., 1996; Nemat-Nasser and Hori, 1999) , and has been also extended to some nonlinear materials (Hazanov, 1999a,b; Nemat-Nasser and Hori, 1999; He, 2001; Jiang et al., 2001) . The notions of kinematical and static apparent stiffness and compliance tensors are particularly relevant to the problem of determination of the minimum RVE size. Indeed, the normalized distance between kinematical and static apparent stiffness (or compliance) tensors of a specimen made of a linearly elastic heterogeneous material behaves as a suitable measure for its closeness to an RVE (see, e.g., Nemat-Nasser and Hori, 1999) . On the basis of these concepts or some similar ones, numerical studies have been recently accomplished to quantitatively determine size effects and define the minimum RVE size (see, e.g., Gusev, 1997; Pecullan et al., 1999; Kanit et al., 2003; Sab and Nedjar, 2005) . At the same time, Zheng (2002, 2004) have introduced an alternative definition of minimum RVE size by using average windows and examining the convergence of kinematical or static apparent elastic tensors as average window sizes increase. In addition, Drugan and Willis (1996) and Drugan (2000) have investigated the minimum RVE size problem in an involved way, by applying the results that they had derived for non-local elastic constitutive relations.
The present work is concerned with an isotropic composite material consisting of an elastic homogeneous isotropic matrix in which layered elastic isotropic inclusions or pores are embedded. Aiming to find a simple closed-form estimate for the minimum RVE size of such a heterogeneous material, we are first led to extend the generalized self-consistent model (GSCM) so as to be applicable to a finite-size specimen.
GSCM was initiated by Kerner (1956) , completed by Christensen and Lo (1979) , and extended by Hervé and Zaoui (1993) to the case of multiply layered inclusions. Since the specimen involved in GSCM is of infinite size, the elastic moduli j * and l * calculated by GSCM are independent of imposed boundary conditions. To make the effects of size and boundary conditions appear and to be able to analytically estimate them, in this paper we construct a modified GSCM in three steps as follows (Fig. 1) . Fig. 1 . Construction of the modified GSCM.
• Step 1. We consider a spherical specimen of finite radius R n+1 and made of an elastic homogeneous isotropic material with the as-yet-unknown apparent bulk and shear moduli j (1) and l (1) , and subject the specimen to kinematically or statically uniform boundary conditions.
• Step 2. We cut a sphere of radius R n (<R n+1 ) with the center coinciding with that of the specimen, substitute back a composite sphere formed of a spherical inclusion (or layered inclusion) of radius R nÀ1 coated by a matrix shell of outer radius R n with (R nÀ1 /R n ) 3 equal to the inclusion (or layered inclusion) volume fraction, and let the whole specimen undergo the same kinematically or statically uniform boundary conditions as in step 1.
• Step 3. We determine j
(1) and l (1) by requiring that the elastic energy stored in the specimen of step 2 be identical to the one produced in the specimen of step 1.
According as kinematically or statically uniform boundary conditions are prescribed on the surface of the spherical specimen, we obtain from the above modified GSCM the moduli j
(1) and l (1) corresponding to the kinematical apparent bulk modulus j (d) and shear modulus l (d) or to the static apparent bulk modulus j (s) and shear modulus l (s) . Applying the classical minimum potential and complementary energy principles of linear elasticity, we can in general infer that j (s) 6 j * 6 j (d) and l (s) 6 l * 6 l (d) . In fact, it will be precisely shown in this paper that
/R n which is characteristic of the size of the specimen relative to the inclusion (or layered inclusion);
decreases in general quickly as b r increases, even thought the phase stiffness contrast is very large.
In view of the first two results, it is natural to estimate the minimum RVE size such that
where characterizes the desired degree of accuracy. As will be shown, the minimum RVE size can be estimated by (1) in a closed form and for any phase stiffness contrast, since l (d) and l (s) can be analytically and explicitly calculated by the modified GSCM and l * is directly given by the usual GSCM. This is remarkable and would constitute an advantage over the relevant numerical studies cited before.
In addition, it is useful and interesting to remark that the modified GSCM proposed in this work builds a bridge between the composite sphere assemblage model (CSAM) of Hashin (1962) and the GSCM of Christensen and Lo (1979) or Hervé and Zaoui (1993) . Indeed, when R n+1 is taken equal to R n , CSAM is recovered and the corresponding kinematical and static shear moduli l (d) and l (s) reduce to the upper bound l + or lower bound l À provided by Hashin (1962) . If R n+1 ! +1, the modified GSCM gives rise to the GSCM of Christensen and Lo (1979) or Hervé and Zaoui (1993) , and l (d) and l (s) coincide with l * . We can summarize these facts by writing a chain of inequalities:
in which l (s) increases from l À to l * and l (d) decreases from l + to l * when b r varies increasingly from 1 to +1.
The paper is organized as follows. Computations of the apparent bulk and shear moduli j (1) and l (1) are made in Section 2 where the fact j (s) = j (d) = j * is confirmed and l (1) is expressed as the real positive root of a third-order polynomial equation. In Section 3, the minimum RVE size is determined and discussed in detail for a two-phase material.
Generalized self-consistent estimation of the apparent bulk and shear moduli
The composite under investigation consists of n (P2) linearly elastic homogeneous isotropic phases which are perfectly bonded together at interfaces. The bulk and shear moduli of phase i (= 1, 2, . . . , n) are designated by j (i) and l (i) , respectively. In this paper, we assume that: (i) one phase, say phase n, plays the role of a matrix; (ii) the other phases can be suitably modeled as layered inclusions; (iii) the composite is macroscopically isotropic. To analytically and explicitly estimate the effects of the size and boundary conditions of a specimen on its apparent elastic properties, we modify GSCM as described in Section 1. Precisely, the resulting micromechanical model is different from the GSCM of Christensen and Lo (1979) or Hervé and Zaoui (1993) in that the spherical shell surrounding the n-layered inclusion has a finite outer radius R n+1 and is made of a linearly elastic homogeneous isotropic material whose bulk and shear moduli, j
(1) and l (1) , depend both on the ratio b r = R n+1 /R n and on the type of uniform boundary conditions imposed on the outer surface at r = R n+1 (Fig. 1) .
Energy consistency condition
The determination of the kinematical apparent moduli j (d) and l (d) and of the static ones j (s) and l (s) will be based on the same energy consistency condition as used by Christensen and Lo (1979) .
According to a formula due to Eshelby (1951) , the energy U of the spherical specimen containing an nlayered inclusion (Fig. 1) is given as follows:
• when a kinematical uniform boundary condition is prescribed,
• when a static uniform boundary condition is imposed,
Above, U 0 is the energy stored in the specimen made only of the as-yet-unknown homogeneous isotropic elastic material characterized by j (d) and l (d) if (3) is concerned, and by j (s) and l (s) if (4) is considered; t (0) and n
are the stress and displacement vectors on the surface S n of the specimen consisting of the corresponding homogeneous material; t and n are the stress and displacement vectors on the surface S n of the specimen with an n-layered inclusion. The energy consistency condition which will be used to determine j (d) and
and l (s) , reads as
In view of (3) and (4), the condition (5) amounts to the requirement that Z
whether a kinematical or static uniform boundary condition is under consideration.
Apparent bulk moduli
For our purpose, it is convenient to introduce a system of spherical coordinates {r, h, /} with the origin coinciding with the center of the composite sphere and to use the corresponding spherical orthonormal basis {e r , e h , e / }. To calculate the kinematical and static apparent bulk moduli, j (d) and j (s) , we successively consider the isotropic displacement boundary condition
and the isotropic traction boundary condition
on S n+1 . Above, e 0 and r 0 are two constants. When (7) or (8) is prescribed, the problem has the spherical symmetry, owing to which the only non-zero displacement component in phase i (= 1 to n + 1) is the radial one given by (see, e.g., Love, 1944) 
To avoid singularity at the origin, G 1 must vanish. The remaining constants are determined by the continuity conditions across the interfaces and by the boundary condition at r = R n+1 . The interface conditions result from the continuity of the radial stress r ðkÞ rr and displacement n ðkÞ r at r = R k between phases k and k + 1. These conditions can be written in the compact form (Hervé and Zaoui, 1993) :
is the matrix defined by
Recall that phase n + 1 is the as-yet-unknown medium characterized either by j (d) and l (d) or by j (s) and l (s) . The recurrent formula (11) together with (12) allows us to write
where
When the kinematic uniform boundary condition (7) is prescribed, we apply (9) and (13) to find
When the kinematically uniform boundary condition (8) is imposed, we use (10) and (13) to get and n r (R n ) and r rr (R n ) are specified by
where use is made of the formulae (9) and (10) and F n+1 and G n+1 are expressed by (15). When the boundary condition (8) 
and n r (R n ) and r rr (R n ) are given by
where F n+1 and G n+1 are provided by (16). Introducing (18), (19), or (20), (21), into (17) yields G n+1 = 0 which, in view of (15) and (16), is equivalent to
Together with the definition (14) of Q (n) , the condition (22) allows us to determine j (d) and j (s) as follows:
:
This shows that the static and kinematic apparent bulk moduli j (d) and j (s) coincide and are identical to the bulk modulus j * given by Hervé and Zaoui (1993) and reduce to the one provided by the CSAM of Hashin (1962) or the GSCM of Christensen and Lo (1979) in the case of two-phase materials. Thus, we see that the size ratio b r = R n+1 /R n and the type of uniform boundary conditions imposed on the outer surface at r = R n+1 ( Fig. 1) have no effects on the estimation of the overall bulk modulus.
Note that, in the simple case where the number of phases is equal to two, the static and kinematic apparent bulk moduli j (d) and j (s) given by (23) are identical to the lower or upper bound of Hashin-Shtrikman on the effective bulk modulus, provided (j (1) À j (2) )(l (1) À l (2) ) P 0. These bounds can be realized by a microstructure such as the composite sphere assemblage of Hashin (1962) . Thus, as an estimation, (23) appears physically meaningful, at least for a two-phase composite.
Apparent shear moduli
To determine the kinematical and static apparent shear moduli, l (d) and l (s) , we consider the specimen in Fig. 1 and successively impose the uniform shear strain boundary condition
and the uniform shear stress boundary condition
on S n+1 . In (24) and (25), c 0 and s 0 are two constants and the vector function p(h, /) is given by
Under the loading (24) or (25), the resulting displacement field n (i) in phase i takes the form (see, e.g., Love, 1944; Christensen and Lo, 1979 
The coefficients C 1 and D 1 have to be zero in order to avoid singularity at the origin r = 0. The other constants are determined by the displacement and stress continuity conditions at r = R k (k = 1 to n) and by the boundary condition (24) 
, only four of the 6 continuity conditions in (31) are independent for each k. These four independent conditions can be generally written in the following recurrent matrix form (Hervé and Zaoui, 1993) : 
It follows from the formula (32) that
with
If the boundary condition (24) is imposed on S n+1 , in view of (27) the following relations must be verified: (s) . At this stage, the displacement and stress fields in each phase are explicitly known.
The next step is to calculate the apparent shear moduli l (d) and l (s) using the energy consistency condition (6). The components of the displacement vector n and stress vector t on the surface S n are given by (27)- (30) with r = R n , i = n + 1, s) . According as the uniform boundary condition (24) or (25) 
In both the kinematical and static approaches, the energy consistency condition (6) leads finally to
By (34), (35) are defined either by
In (44) and (45), j * is given by (23) and the constants a 1 , b i and c i are specified in Appendix B. In view of the complexity of the expressions of a
i , it is very difficult to analytically prove that the conditions j i > 0 and l i > 0 imply that equation (43) has only one strictly positive root. However, according to the numerical tests performed for two-phase materials, Eq. (43) possesses three real roots of which only one is strictly positive.
It is clear from (43)- (45) that the apparent shear modulus l (1) of a specimen depends on the relative size ratio b r = R n+1 /R n and on the type of the imposed uniform boundary conditions. For a given relative size ratio b r , the application of the classical minimum potential and complementary energy principles of linear elasticity allows us to conclude that
When R n+1 ! 1, so that b r ! 1, it is shown in Appendix C that Eq. (43) reduces to the quadratic equation (see Eq. (C.1)) given by Hervé and Zaoui (1993) and that l (s) = l (d) = l * with l * being the positive root of the quadratic equation and is given by (C.2). From Appendix B (in particular, Eq. (B.1)) and Appendix C, it is seen that the equation associated to the case R n+1 ! 1 cannot be simplify obtained by putting a ð1Þ 1 ¼ 0 in (43). When R n+1 ! R n , so that b r ! 1, l (s) and l (d) approach the respective lower and upper bounds, l À and l + , which correspond, in the case of a two-phase composite, to those given by Hashin (1962) . In a general way, we can write the chain of inequalities (2).
Estimation of the minimum RVE size for a two-phase composite
This section aims at estimating the minimum RVE size for two-phase materials consisting of a linearly elastic isotropic matrix reinforced by inclusions or weakened by pores. To achieve this objective, we apply the results of the last section to the case of two-phase materials and make use of the criterion (1) proposed in Section 1.
Apparent bulk and shear moduli for two-phase materials
Let us designate the matrix and inclusion phases as phases 1 and 2, respectively, the volume fraction of phase 1 being f 1 ¼ R 3 1 =R 3 2 (see Fig. 2 ). For our purpose, it is convenient to introduce the parameter g = l
(1) /l (2) characterizing the contrast between the phase shear moduli. Putting n = 2 in (23), we obtain the effective bulk modulus in the explicit form:
with c 1 = (1 + m (2) )(1 À 2m (1) ) and c 2 = (1 + m (1) )(1 À 2m (2) ). Setting n = 2 in (43)-(45), the apparent kinematical and static shear moduli are characterized by the third-order equation 
i depend on m 1 , m 2 , f 1 , g and b r , and are specified in Appendix D. Numerical verifications have been carried out to confirm that, under the condition that j i > 0 and l i > 0, the cubic Eq. (48) has three real roots of which only one is positive. In view of this fact, we assume that (48) possesses only one positive root and calculate this positive root by a well-known formula: (2) is clearly verified. Moreover, it is seen that the apparent shear moduli converge quickly toward l * . This evolution of the apparent shear moduli allows us to define the minimum RVE size by (1). In what follows, we characterize the minimum RVE size for two-phases materials.
Minimum RVE size
The minimum size of an RVE is defined by the minimum value of b r , noted as b 
where r
and l * denotes the overall shear modulus corresponding to b r ! 1 and is given by (C.2).
The coefficients a 
, m (2) , f 1 , b r and g. Consequently, the minimum size of an RVE depends only on the four dimensionless material and geometrical parameters m
(1) , m (2) , f 1 and g. In particular, in the cases of porous material (g = 0) and rigid inclusions (g ! 1), the minimum RVE size is conditioned only by the matrix poisson's ratio and the volume fraction of inclusions or pores. A similar conclusion was reached by Drugan and Willis (1996) using another approach. According to our micromechanical model, the characteristic size L of a specimen corresponds to 2R 3 while the characteristic size d of heterogeneities is equal to 2R 1 (Fig. 2) . Thus, in agreement with (51), the minimum characteristic size L min of an RVE is such that the ratio
Next, the minimum RVE size is required to be compatible with the value of the volume fraction of inclusions. For the microstructure model considered (Fig. 2) , (R 1 /R 2 ) 3 = f 1 and b
Finally, the minimum RVE size is given by
with b min r being determined by (51). Next, we study successively the parameters m
(1) , m (2) , g and f 1 affecting the minimum RVE to deduce the typical size of the latter.
Identical bulk modulus case
To reduce the number of material parameters on which the minimum RVE size depends, in the case of finite shear modulus contrast, we consider only composites whose matrix and inclusion phases have the same bulk modulus, i.e., j
(1) = j (2) . This condition implies
Thus, the minimum RVE size depends only on m (2) , f 1 and g. First, we analyse the influence of the contrast g between the phase shear moduli on the minimum RVE size for a composite material with f 1 = 0.5. Fig. 4 represents the minimum RVE size, characterized by the ratio Fig. 4 shows that L min /d converges to two asymptotes corresponding respectively to small and large values of g. Consequently, if the maximum of these two asymptotic values is adopted, the macroscopic shear modulus is estimated with an error lower than for all values of g. This maximum depends on the volume fraction of inclusion f 1 and on the matrix Poisson's ratio m (2) , and is obtained for a small or large value of g according to the value of m (2) . In particular, Fig. 4 indicates that for m (2) = 0.2 and f 1 = 0.5, the maximum of L min /d is given for a small value of g and is approximatively equal to 2.3. For m (2) = 0.4 and f 1 = 0.5, the maximum of L min /d is associated to a large value of g and is approximatively equal to 2.4. Moreover, it should be noted that the minimum of L min /d corresponds to g close to 1, i.e., l (1) % l (2) . In this situation, the minimum RVE size is determined by Fig. 5 illustrates the effect of the matrix Poisson's ratio m (2) on the minimum RVE size. The volume fraction of inclusion is f 1 = 0.5; two values of the contrast between the phase shear moduli are considered: a small one (g = 0.01) and a large one (g = 100). For m (2) between À1 and 0.4, L min /d obtained for g = 0.01 is greater than the one obtained for g = 100. For m (2) 2 [0.4, 0.5[, the latter is larger than the former. In Fig. 6 , the evolution of the minimum RVE size with f 1 is represented for = 1%, g = 0.01 and g = 100. Two values of the matrix Poisson's ratios are considered m (2) = 0.2 (Fig. 6a ) and m (2) = 0.4 (Fig. 6b) . Obtained results are compared with
. From the four cases studied, the following conclusions can be drawn:
• the evolution of L min /d is continuously decreasing when f 1 increases; 
Rigid inclusion and porous material cases
In this paragraph, we study the two cases where the contrast between the phase shear moduli is infinite: (i) inclusions correspond to pores (g = 0); (ii) inclusions are rigid g = 1. Recall that, in these two extreme cases, L min /d depends only on m (2) and f 1 . First, for both cases and for = 1%, Fig. 7 shows the influence of the matrix Poisson's ratio m (2) on the minimum RVE size with f 1 = 0.5. For m (2) between À1 and 0.4, it is seen that L min /d for the composite with rigid inclusions is lower than L min /d for the porous material. For m (2) 2 [0.4, 0.5[, this result is inverted. The evolution of the minimum RVE size with f 1 is given by Fig. 8 . Two values of the matrix Poisson's ratio are considered: m (2) = 0.2 (Fig. 8a ) and m (2) = 0.4 (Fig. 8b ). These figures show that when f 1 is smaller than approximatively 0.03, the minimum RVE size is defined by L min =d ¼ 1= ffiffiffiffi f 1 3 p . For the four cases, the minimum RVE size decreases continuously when f 1 increases. For m (2) = 0.2, the minimum RVE size for the porous material is greater than the one for the material with rigid inclusions. For m (2) = 0.4, we arrive at the same conclusion when f 1 is less than 0.5 and the result is inverted when f 1 2 ]0.5, 1[.
Comparison with numerical experiments
Finally, let us compare the foregoing theoretical predictions with 3D numerical experiments due to Guidoum (1994) (see also Huet, 1999) . These experiments have been carried out for concretes modeled as particle-reinforced composites. The phase elastic properties are E
(1) = 60 GPa, m (1) = 0.18, E (2) = 20 GPa and m (2) = 0.22. The volume fraction of inclusions is f 1 = 0.39 and the maximal inclusion diameter is 60 mm. The minimum RVE size is determined by analysing the convergence of the moduli C
. It is shown that the minimum RVE corresponds to a cube of 170 mm wedge length. This means that Bornert (1996, p. 293) .
Conclusion and final remarks
The classical GSCM has been extended to estimating the apparent isotropic elastic moduli of heterogeneous media consisting of layered elastic isotropic inclusions (or pores) embedded in an elastic homogeneous isotropic matrix. The estimated kinematical and static apparent bulk moduli coincide and are independent of the relative size parameter b r . At the same time, the estimated kinematical and static apparent shear moduli are different and depend on b r . The extended version of GSCM proposed in this work has bridged the classical CSAM of Hashin (1962) and the classical GSCM of Christensen and Lo (1979) , when b r varies from 1 to +1. Moreover, requiring that the normalized distance between the kinematical and static apparent shear moduli be less than a prescribed tolerance, the extended version of GSCM has allowed us to obtain an analytical estimate for the minimum RVE size, which turns out to be in good agreement with existing relevant numerical estimates.
It has been recognized that the classical version of GSCM yields accurate predictions for the effective moduli of isotropic particulate composites, even in the extreme cases (i.e., voids and rigid inclusions), and gives the correct asymptotic behavior of composites as the inclusion volume fraction approaches 1 (see, e.g., Christensen, 1990 Christensen, , 1998 . Starting from this fact, the extended version of GSCM presented in the present work is expected to behave in the same way for the apparent moduli of particulate composites. However, a definitive conclusion can be drawn only after a forthcoming comparison of our results with experimental and finite element results.
In mechanical engineering, civil engineering and materials sciences, situations are frequently encountered in which specimens are smaller than an RVE. In these cases, the results from the present study are directly useful for estimating the apparent elastic moduli of particulate composite specimens. In addition, the analytical method and results concerning the minimum RVE size allow us to estimate simply the effects of size and boundary conditions. Finally, our method and results may have applications in numerical hierarchical modelling of heterogeneous bodies (see, e.g., Zohdi et al., 1996) .
The extended version of GSCM proposed in the present work is limited to isotropic composites made of isotropic phases. However, a wide class of isotropic composites of technological importance consist of anisotropic phases. An example is a spherulitic polymer which can be modeled as an assemblage of spheres of different sizes exhibiting local radial transverse isotropy. When the phases of an isotropic particulate composite exhibit spherical or cylindrical anisotropies (see, e.g., He and Benveniste, 2004; Le Quang and He, 2004; He and Pensée, 2005) , the results of the present work can be further extended.
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